
Wave function in the strong coupling limit of the Hubbard open chain

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1998 J. Phys.: Condens. Matter 10 11743

(http://iopscience.iop.org/0953-8984/10/50/013)

Download details:

IP Address: 171.66.16.210

The article was downloaded on 14/05/2010 at 18:14

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/10/50
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys.: Condens. Matter10 (1998) 11743–11753. Printed in the UK PII: S0953-8984(98)95256-0

Wave function in the strong coupling limit of the Hubbard
open chain

H Asakawa
The Institute of Physical and Chemical Research (RIKEN), Wako, Saitama 351-0198, Japan

Received 19 June 1998, in final form 24 August 1998

Abstract. The one-dimensional repulsive Hubbard model with infinitely strong interactions
is studied under the open boundary condition. The ground-state wave function of the present
model is derived based on the Betheansatzmethod. Using the wave functions thus obtained,
the Friedel oscillations in the Hubbard open chain are discussed.

1. Introduction

Recently, effects of nonmagnetic impurities in low-dimensional quantum systems have
attracted much attention, see e.g. [1]. In a one-dimensional magnet, such as the Heisenberg
chain, a nonmagnetic impurity cuts the magnetic chain. Therefore, in such purely one-
dimensional systems, we may often recognize the effects of nonmagnetic impurities as those
of boundaries. In general, the presence of an impurity or a boundary in uniform systems
yields oscillations in densities, which are called the Friedel oscillations. Using numerical
methods, the Friedel oscillations have been studied in some one-dimensional models, e.g.
the spinless fermion model [2], the Kondo lattice model [3], the Hubbard model [4] etc.
The asymptotic behaviour of the oscillations has been also discussed using the bosonization
technique [5, 6], and the Betheansatzmethod [7, 4], based on the boundary conformal field
theory. However, few results on the Friedel oscillations have been directly derived from
the wave function, although the Betheansatzwave functions were obtained for several
one-dimensional quantum systems with boundaries, e.g. the Heisenberg model [8–10], the
Hubbard model [11–14] and so on.

In the present paper, we study the wave function in the large-u limit of the Hubbard
model with boundaries based on the Betheansatzmethod. Using the wave function, we
discuss the Friedel oscillations of the Hubbard open chain in the large-u limit.

In our discussions, we describe the Hubbard open chain by the following Hamiltonian,

H = −
L−1∑
j=1

∑
σ=±

(c
†
jσ cj+1σ + c†j+1σ cjσ )

+4u
L∑
j=1

nj+nj− − pL
+n1+ − pL

−n1− − pR
+nL+ − pR

−nL− (1.1)

wherepL
± (or pR

±) denotes the magnitude of the boundary field for the electron with spin

± on the left-end (or right-end) site. Here, the symbolcjσ (or c†jσ ) denotes the annihilation
(or the creation) operator of an electron with spinσ at site j , and njσ stands for the
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number operator of the electron. The symbolL denotes the number of sites. We consider
the situation where(N − M) electrons have up spins andM electrons have down spins
(L > N > M).

At first (in section 2), we take the limitu→+∞ in the Betheansatzwave function
of the present model with free boundaries. Consequently, we observe that the ground-state
wave function takes a simple form in this limit, owing to a decoupling of charge and spin
degrees of freedom. Namely, in the large-u limit the charge sector is described as the wave
function of the spinless fermion model with boundaries, while the spin sector is equivalent to
the antiferromagnetic Heisenberg open chain. Under the periodic boundary condition, such
a strong coupling limit was discussed by Ogata and Shiba [15] using the Lieb–Wu solution
[16]. For recent investigations based on their analysis [15], see e.g. [17] and references
cited therein.

Next, in section 3, we discuss the large-u limit of the Hubbard chain with boundary
fields. Within an assumption, we also obtain a decoupling of charge and spin sectors for
finite boundary fields.

In section 4, we discuss the Friedel oscillations in the large-u limit of the Hubbard
open chain. For this purpose, we calculate the electron density and the magnetization
as a functions of coordinates, using the factorized form of the wave function obtained in
section 2.

In section 5, we summarize our results obtained with our discussions.

2. Betheansatzwave function in the strong coupling limit of the Hubbard open chain

In the present section, we derive the ground-state wave function of the Hubbard open chain
with infinitely strong repulsive interactions. We mainly discuss the free boundary case in
this section. Effects of the boundary fields are studied in the next section.

At first, as preliminaries, we have to recapitulate the Betheansatz analysis for an
arbitrary u [11–14]. (See also [18].) For more detailed derivations of the Betheansatz
equations, refer to the work by Shiroishi and Wadati [13]. In the present paper we use
different notations from theirs [13] so that we can easily take the large-u limit.

We describe the amplitude in the wave function of the Hamiltonian (1.1) by the symbol
ψσ1,...,σN (x1, . . . , xN). Namely, the state vector|ψ〉 takes the following form,

|ψ〉 =
∑
{(xj ,σj )}

ψσ1,...,σN (x1, . . . , xN)|x1σ1, . . . , xNσN 〉 (2.1)

with |x1σ1, . . . , xNσN 〉 ≡ c†x1σ1 . . . c
†
xNσN |0〉, where we have no electrons in the vacuum|0〉.

Under the extended Betheansatz, we describe the wave function by

ψσ1,...,σN (x1, . . . , xN) =
∑
P

AσQ1,...,σQN (kP1, . . . , kPN) exp

(
i
N∑
j=1

kPjxQj

)
(2.2)

in the region 16 xQ1 6 · · · 6 xQN 6 L, whereQ means a permutation ofN coordinates.
The summation

∑
P in (2.2) runs over all permutations and negations of(k1, . . . , kN). We

substituteψ , equation (2.2), into the eigenvalue equationH|ψ〉 = E|ψ〉 to obtain the
following relationships:

AσQ1,...,σQN (kP1, . . . , kPn+1 = j, kPn = i, . . . , kPN)
= (sinki − sinkj )Pnn+1− i2u

(sinki − sinkj )+ i2u
AσQ1,...,σQN (kP1, . . . , kPn = i, kPn+1

= j, . . . , kPN) (2.3)
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AσQ1,...(−kP1, . . .) = −
1− pL

σQ1
e+ikP1

1− pL
σQ1

e−ikP1
AσQ1,...(kP1, . . .) (2.4)

A...,σQN (. . . ,−kPN) = −ei2(L+1)kPN
1− pR

σQN
e−ikPN

1− pR
σQN

e+ikPN
A...,σQN (. . . , kPN) (2.5)

wherePnn+1 is a permutation operator for the interchange betweenQn andQ(n+ 1). We
remark thatpL

σQ1
takespL

± for σQ1 = ±. Similarly, pR
σQN

takespR
± for σQN = ±. The

energy eigenvalueE is given by

E = −2
N∑
j=1

coskj . (2.6)

We can derive all the coefficients{AσQ1,...,σQN (kP1, . . . , kPN)}P from AσQ1,...,σQN (k1, . . . , kN)

with Re(kj ) > 0, using the above relationships. The coefficientAσQ1,...,σQN (k1, . . . , kN) takes
the form:

AσQ1,...,σQN (k1, . . . , kN) = εQ × φ (2.7)

where the symbolεQ denotes the sign of the permutationQ, andφ is a component of the
vectorφ given by the eigenvalue equation:

Tjφ = φ (2.8)

Tj ≡ Sj,j−1(kj , kj−1) . . . Sj,1(kj , k1)s(kj ;pL
σj
)S1,j (k1,−kj ) . . . Sj−1,j (kj−1,−kj )

×Sj+1,j (kj+1,−kj ) . . . SN,j (kN ,−kj )s(kj ;pR
σj
)

×Sj,N (kj , kN) . . . Sj,j+1(kj , kj+1) ei2(L+1)kj (2.9)

Si,j (ki, kj ) ≡ sinki − sinkj + i2uPij
sinki − sinkj + i2u

s(kj ;pσi ) ≡
1− pσie−ikj

1− pσi e+ikj
. (2.10)

Then the eigenvectorφ has NCM components, each of which is characterized by spin
coordinates, i.e. the locations ofM down spins{yβ} (β = 1, . . . ,M). In equation (2.10),
Pij stands for the permutation operator which acts on the spin coordinates.

Indeed, we can diagonalizeTj for the four cases in table 1 [13, 14] by taking the
following form of φ:

φ(y1, . . . , yM) ≡
∑
P

B(λP1, . . . , λPM)

×
M∏
β=1

[
(sink1+ λPβ − iu)

yβ−1∏
j=1

sinkj − λPβ + iu

sinkj+1− λPβ − iu

]
(2.11)

with 16 y1 6 · · · 6 yM 6 N . The summation
∑

P in (2.11) runs over all permutations and
negations of(λ1, . . . , λN). Except for a constant factor, the coefficientB(λP1, . . . , λPM)

can take the following form

B(λP1, . . . , λPM) = εP
M∏
α=1

[
B(λPα)

N∏
j=1

(
λPα − sinkj + iu

λPα − sinkj − iu

λPα + sinkj + iu

λPα + sinkj − iu

)1/2]
×

∏
16α<β6M

(λPα − λPβ − i2u)(λPα + λPβ − i2u) (2.12)

with
N∏
j=1

λα − sinkj + iu

λα − sinkj − iu

λα + sinkj + iu

λα + sinkj − iu
= Y (λα)

M∏
β=1
(β 6=α)

λα − λβ + i2u

λα − λβ − i2u

λα + λβ + i2u

λα + λβ − i2u
(2.13)
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for α = 1, . . . ,M, where εP is a sign factor which changes the sign at each of the
permutations and negations. In the above equations, we have used the symbolsB and
Y defined by

B(λ) ≡
{

1 for cases A and C

η−
1
2 (λ;pR) for cases B and D

η(λ;p) ≡ i( 1
2(p
−1− p)+ u)+ λ

i( 1
2(p
−1− p)+ u)− λ

(2.14)

Y (λ) ≡
{

1 for case A η(λ;pL)η(λ;pR) for case B

η(λ;pL) for case C η(λ;pR) for case D.
(2.15)

We can also obtain the eigenvalue ofTj . The eigenvalue equation (2.8) means that the
eigenvalue is equal to unity, so that we have

ei2(L+1)kj Z(kj ) =
M∏
β=1

sinkj − λβ + iu

sinkj − λβ − iu

sinkj + λβ + iu

sinkj + λβ − iu
(2.16)

for j = 1, . . . , N , where

Z(kj ) ≡ ζ(kj ;pL)ζ(kj ;pR) ζ(k;p) ≡ 1− p e−ik

1− p e+ik
. (2.17)

Then, we have two kinds of condition, equations (2.16) and (2.13) among the numbers{kj }
(j = 1, . . . , N) and {λα} (α = 1, . . . ,M), which are the Betheansatz equations of the
present model (1.1).

Now, we take the limitu → ∞ and derive the ground-state wave function. In the
remaining part of the present section, we discuss the free boundary case (i.e.pL

± = pR
± = 0),

for simplicity. Namely, we haveZ(kj ) = 1, Y (λα) = 1 andB(λα) = 1. The cases with
finite boundary fields are treated in the next section.

We introduce the new rapidities{3α} by3α = λα/(2u), to scale{λα} by u. We assume
that each of the rapidities{kj } (j = 1, . . . , N) and {3α} (α = 1, . . . ,M) corresponding to
the ground state is of orderu0 for u ∼ ∞.

Under this assumption, at first, we consider the strong coupling limit of the wave
function. We remark that the matrix connecting two coefficients in equation (2.3) goes to
−1 in this limit. Moreover, we combine equations (2.4), (2.5), (2.7) and (2.9) to arrive at
a factorized form of the wave function;

ψ = ψc(xQ1, . . . , xQN)× φs(y1, . . . , yM)+O

(
1

u

)
(2.18)

ψc(xQ1, . . . , xQN) = εQ
∑
P

aP exp

(
i
N∑
j=1

kPjxQj

)
(2.19)

φs(y1, . . . , yM) =
∑
P

bP

M∏
α=1

(
3Pα − i

2

3Pα + i
2

)yα− 1
2

(2.20)

except for a constant factor. Here, the summations in equations (2.19) and (2.20) run
over all permutations and negations in(k1, . . . , kN) and (31, . . . , 3M), respectively. The
coefficientsaP andbP take the following forms:

aP = εP bP = εP
M∏
α=1

(
3Pα + i

2

3Pα − i
2

)N
×

∏
16α<β6M

(3Pα −3Pβ − i)(3Pα +3Pβ − i)

(2.21)
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where each symbolεP denotes the sign factor which changes the sign at each mutation of
P . We remark that we can rewriteψc as

ψc(xQ1, . . . , xQN) = (2i)NεQ det(sinkixQj ). (2.22)

Next, we take the large-u limit in the Betheansatzequations (2.16) and (2.13) to have

1= ei2(L+1)kj

(
3α + i

2

3α − i
2

)2N

=
M∏
β=1
(β 6=α)

3α −3β + i

3α −3β − i

3α +3β + i

3α +3β − i
. (2.23)

Taking the logarithm of each equation, we can obtain the following forms

2πIj = 2(L+ 1)kj (2.24)

2πJα = (2N + 1)θ(23α)−
M∑
β=1

{θ(3α −3β)+ θ(3α +3β)} (2.25)

with θ(x) ≡ 2 tan−1 x, where{Ij } and{Jα} take integer values. The ground state corresponds
to

{Ij } = {1, 2, . . . , N − 1, N} {Jα} = {1, 2, . . . ,M − 1,M}. (2.26)

Using the rapidities thus obtained, the energy eigenvalue (2.6) can be described as

E = −2
N∑
j=1

coskj + 2

u(L+ 1)

N∑
j=1

sin2 kj

M∑
α=1

− 1
2

32
α + 1

4

+O

(
1

u2

)
. (2.27)

Then, we find thatψc takes the form of the wave function for the spinless fermion model
with boundaries and, on the other hand,φs takes the form of that for the antiferromagnetic
Heisenberg model with boundaries. Refer to [8–10, 18].

3. Effects of boundary fields

In the present section, we derive the ground-state wave function of the Hubbard open chain
with boundary fields. Instead of taking the same strategies as those in the previous section,
we study the large-u limit by expanding the matrixTj (2.9).

In our discussions, we recognize that boundary chemical potentials are of orderu0,
while we parametrize boundary magnetic fields aspL = qL/(2u) andpR = qR/(2u) with
qL,R ∼ O(u0). See table 1. For these boundary fields, we assume that{kj } and {sinkj }
(j = 1, . . . , N) are of orderu0 in the ground state.

If we have some complex sinkj of order u1 in the ground state, the energy (2.6) of
the state can be of orderu. This suggests that, in such a state, there exist electron pairs
occupying the same sites. Therefore, our assumption may physically mean that the ground
state of the present model, equation (1.1), atu = ∞ is given as a superposition of only
the states in which all the electrons occupy different sites and have an energy of order
u0. (Of course, we expect that the ground state contains the doubly occupied states as the
higher-order contributions ofu−1 for u→∞.) The works by Bed̈urftig and Frahm [20]
and Deguchiet al [21] support our assumption.

Under the above assumption, the matrixSij equation (2.10), can be expanded as follows,

Si,j (ki, kj ) = Pij + sinki − sinkj
2ui

(1− Pij )+O

(
1

u2

)
. (3.1)
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Table 1. The Betheansatzequations of the Hubbard model (1.1) have been derived for the four
kinds of boundary field [13, 14] shown in the second column. We call the boundary chemical
potential ‘type-a boundary field’, and call the boundary magnetic field ‘type-b boundary field’.
In taking the large-u limit, we take the parametrization listed in the third column.

Cases Boundary fields Foru→∞
Case A pL+ = pL− ≡ pL pL ∼ O(u0)

(type aa) pR+ = pR− ≡ pR pR ∼ O(u0)

Case B pL+ = −pL− ≡ pL pL ≡ qL/(2u) ∼ O(u−1)

(type bb) pR+ = −pR− ≡ pR pR ≡ qR/(2u) ∼ O(u−1)

Case C pL+ = −pL− ≡ pL pL ≡ qL/(2u) ∼ O(u−1)

(type ba) pR+ = pR− ≡ pR pR ∼ O(u0)

Case D pL+ = pL− ≡ pL pL ∼ O(u0)

(type ab) pR+ = −pR− ≡ pR pR ≡ qR/(2u) ∼ O(u−1)

Using this form, we arrive at the following results:

Tj = ei2(L+1)kjZ(kj )
{
I − 2i sinkj

u
Hs

}
+O

(
1

u2

)
(3.2)

with

Z(kj ) =


1− pL e−ikj

1− pL e+ikj

1− pR e−ikj

1− pR e+ikj
for case A 1 for case B

1− pR e−ikj

1− pR e+ikj
for case C

1− pL e−ikj

1− pL e+ikj
for case D

(3.3)

where I denotes the identity operator andHs stands for the Hamiltonian of the
antiferromagnetic Heisenberg open chain defined by

Hs ≡


H(0)s for case A H(0)s −

qL

2
σ z1 −

qR

2
σ zN for case B

H(0)s −
qL

2
σ z1 for case C H(0)s −

qR

2
σ zN for case D

(3.4)

H(0)s ≡
N−1∑
j=1

1

2
(Pjj+1− 1) =

N−1∑
j=1

(
Sj · Sj+1− 1

4

)
. (3.5)

As we have discussed in the previous section, we have to diagonalizeTj , see (2.8). If
we neglect the terms of orderu−2, we can take the eigenfunction of the Heisenberg model
with boundary fields as that of the matrixTj (3.2). Then, the eigenvaluetj of the matrixTj
is given by

tj = ei2(L+1)kjZ(kj )
{
I − 2i sinkj

u
Es({λα})

}
+O

(
1

u2

)
(3.6)

with

Es({λα}) ≡


E(0)s ({λα}) for case A E(0)s ({λα})− q

L

2
− q

R

2
for case B

E(0)s ({λα})− q
L

2
for case C E(0)s ({λα})− q

R

2
for case D

(3.7)

E(0)s ({λα}) ≡
M∑
α=1

− 1
2

32
α + 1

4

. (3.8)
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Here,{3α} (α = 1, . . . ,M) satisfy the Betheansatzequation of the Heisenberg open chain
with boundary fields [9, 10], namely(

3α + i
2

3α − i
2

)2N

= Y(3α)

M∏
β=1
(β 6=α)

3α −3β + i

3α −3β − i

3α +3β + i

3α +3β − i
(3.9)

with

Y(3α) =



1 for case A
i
2(

1
qL + 1)+3α

i
2(

1
qL + 1)−3α

i
2(

1
qR + 1)+3α

i
2(

1
qR + 1)−3α

for case B

i
2(

1
qL + 1)+3α

i
2(

1
qL + 1)−3α

for case C

i
2(

1
qR + 1)+3α

i
2(

1
qR + 1)−3α

for case D.

(3.10)

The eigenvalue equation (2.8) means the conditiontj = 1 so that we have

1= ei2(L+1)kjZ(kj ) (3.11)

neglecting higher order terms ofu−1. Using the parameters{kj } (j = 1, . . . , N), {λα}
(α = 1, . . . ,M) determined by equations (3.11) and (3.9) we describe the energy eigenvalue
as follows,

E = −2
N∑
j=1

coskj + 2Es({λα})
u(L+ 1)

N∑
j=1

sin2 kj +O

(
1

u2

)
. (3.12)

By minimizingE, we can obtain the ground-state rapidities{kj } and{λα}. Here, we have to
remember thatu is an arbitrary large number. Therefore, we can obtain{kj } by minimizing
−2

∑N
j coskj while, independently of this procedure, we can determine{λα} by minimizing

Es.
We find that the wave function takes the same form as that in the free-boundary case,

i.e. (2.18) with (2.19), (2.20). However, the definitions of the coefficientsaP andbP have
to be changed as follows:

aP = εP
N∏
j=1

[A(kPj ) e−i(L+1)kPj ] (3.13)

bP = εP
M∏
α=1

[
B(3Pα)

(
3Pα + i

2

3Pα − i
2

)N]
×

∏
16α<β6M

(3Pα −3Pβ − i)(3Pα +3Pβ − i) (3.14)

with

A(kj ) =
(

1− pR e+ikj

1− pR e−ikj

)1
2

B(3α) = 1 for cases A and C (3.15)

A(kj ) = 1 B(3α) =
( i

2(
1
qR + 1)−3α

i
2(

1
qR + 1)+3α

)1
2

for cases B and D. (3.16)

Similarly to the free boundary case, the wave function is given as a product of two
functions. One of them is the wave function of the spinless fermion model with boundary
fields and the other is that of the antiferromagnetic Heisenberg model with boundary fields.
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Table 2. The wave function in the large-u limit of the Hubbard open chain with boundary fields
realizes a decoupling of charge and spin degrees of freedom. Namely, in this limit, the charge
sector is described as the wave function of the spinless fermion model (SLF) with boundary
fields, while the spin sector is equivalent to the antiferromagnetic Heisenberg model (AHM)
with boundary fields. The boundary fields in the resulting models are listed.

Boundary fields Boundary fields
of SLF model of AFH model

Cases Left Right Left Right

Case A pL pR 0 (free) 0 (free)
Case B 0 (free) 0 (free) qL qR

Case C 0 (free) pR qL 0 (free)
Case D pL 0 (free) 0 (free) qR

See [8–10, 19]. The boundary fields in the resulting models are summarized in table 2. We
remark that we can also derive the results obtained in this section by the method of the
previous section.

4. Friedel oscillations of the Hubbard open chain in the strong coupling limit

In the present section, we study the Friedel oscillations of the Hubbard open chain in the
strong coupling limit. Using the wave function obtained by our discussions, we calculate
the ground-state averages of the electron number〈nj 〉 and of the magnetization〈Szj 〉, where
nj ≡ nj+ + nj− andSzj ≡ (nj+ − nj−)/2.

The averages are given by the following forms:

〈nj 〉 =
∑

16x1<···<xN6L(
∑N

i=1 δxi ,j )×Wc(x1, . . . , xN)∑
16x1<···<xN6L Wc(x1, . . . , xN)

(4.1)

〈Szj 〉 =
∑

16x1<···<xN6L(
∑N

i=1miδxi ,j )×Wc(x1, . . . , xN)∑
16x1<···<xN6L Wc(x1, . . . , xN)

(4.2)

mi = 1

2
−
∑

16y1<···<yM6N(
∑M

k=1 δyk,i)×Ws(y1, . . . , yM)∑
16y1<···<yM6N Ws(y1, . . . , yM)

(4.3)

with

Wc(x1, . . . , xN) = ψ∗c (x1, . . . , xN)× ψc(x1, . . . , xN) (4.4)

Ws(y1, . . . , yM) = φ∗s (y1, . . . , yM)× φs(y1, . . . , yM). (4.5)

Here,ψc andφs have been defined in sections 2 and 3. We remark that we have the explicit
form of 〈nj 〉 as follows,

〈nj 〉 = 1

L+ 1

{
N + 1

2

(
1− sin(πj/L+ 1)(2N + 1)

sin(πj/L+ 1)

)}
. (4.6)

For simplicity, we discuss only the free boundary case. Moreover, we focus on the
states (1) near half-filling (N = L− 1 andM = (L/2)− 1) and (2) near quarter-filling
(N = (L/2)− 1 andM = (L/4)− 1). At half-filling (N = L andM = L/2), we have
〈nj 〉 = 1 and 〈Szj 〉 = 0 for any j , because of the particle–hole symmetry and the spin
up–down symmetry. At quarter-filling (N = L/2 andM = L/4) with u → ∞, the
particle–hole symmetry of the spinless fermion model and the up–down symmetry of the
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Heisenberg model yield a uniform state with〈nj 〉 = 1/2 and〈Szj 〉 = 0 for anyj . However,
in each case,〈nj 〉 and 〈Szj 〉 may oscillate by introducing one holon and one spinon due to
the existence of the boundaries.

In general, the presence of impurities or boundaries in a one-dimensional system leads
to Friedel oscillations in densities, which have the general form [4, 22, 23]

δρ(x) ∼ cx cos(2kFx + ϕ)
xγ

+ c′x cos(4kFx + ϕ′)
xγ
′ (4.7)

where kF denotes the Fermi wave number of the free electron. For example, we have
kF = (π/2) (or kF = (π/4)) for the half filling (or the quarter-filling).

Figure 1. Oscillations of densities〈nj 〉 and 〈Szj 〉 on the 26-site Hubbard open chain near half-
filling. We have taken the parametersL = 26,N = 25 andM = 12. In evaluating the densities,
we have numerically diagonalized the antiferromagnetic Heisenberg open chain with 25 sites to
derive the ground-state eigenfunction with totalSz = 1

2 . Curves are guides to the eye.

In figures 1 and 2, we show the result obtained by our scheme. We have numerically
evaluated〈nj 〉 and〈Szj 〉 using equations (4.1) and (4.2). We have no oscillations in electron
densities or oscillations in magnetizations with the period of 2 sites, near half-filling. On
the other hand, near quarter-filling, electron densities oscillate with the period of 2 sites and
magnetizations oscillate with the period of 4 sites. Although our results may include many
finite size effects, we can really obtain the oscillations expected from the general form (4.7).

In this calculation, we have derivedφs by numerical diagonalization of the Heisenberg
model, instead of using the Betheansatzwave-function form. The Betheansatz form of
φs is given as a sum ofM terms, each of which we have to evaluate after solving the Bethe
ansatzequation. As the system size becomes larger, it rapidly gets difficult to calculate by
using the Betheansatzform. In order to evaluate the wave functionφs with higher accuracy
and within shorter computing time, we had better diagonalize the Heisenberg Hamiltonian
numerically. The similar strategy has been taken in [15].
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Figure 2. Oscillations of densities〈nj 〉 and〈Szj 〉 on the 32-site Hubbard open chain near quarter-
filling. We have taken the parametersL = 32,N = 15 andM = 7. In evaluating the densities,
we have numerically diagonalized the antiferromagnetic Heisenberg open chain with 15 sites to
derive the ground-state eigenfunction with totalSz = 1

2 . Curves are guides to the eye.

5. Summary

In the present paper, we have studied the strong coupling limit of the Hubbard open chain
(1.1) based on the Betheansatzmethod.

In section 2, we have taken the strong coupling limit in the Betheansatzwave function
of the present model (1.1) with free boundaries, so that we have obtained the product form
of two functions, i.e.ψc×φs, as the ground-state wave function. Here,ψc denotes the wave
function of the spinless fermion model andφs is that of the antiferromagnetic Heisenberg
model. The boundary conditions of both resulting models are open.

Moreover, we have also derived the large-u limit wave function of the Hubbard open
chain (1.1) with finite boundary fields, in section 3. Under an assumption, we have arrived at
a similar form to the free boundary case. In this case, the resulting models, i.e. the spinless
fermion model and the antiferromagnetic Heisenberg model, have also finite boundary fields.

In section 4, we have calculated the local electron number〈nj 〉 and the local
magnetization〈Szj 〉 in the Hubbard open chain with free boundaries, using the factorized
form of the wave function obtained in section 2. Consequently we have obtained the Friedel
oscillations in both quantities. In our results, the period of the oscillations in〈nj 〉 (or 〈Szj 〉)
reflects the Fermi wave number in the charge (or the spin) sector, as is expected.

We can use the wave functions obtained in the present paper to evaluate various
quantities in the Hubbard open chain withu→∞. We will report such results derived
from the wave function elsewhere in the near future.
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